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Abstract
We study the evolution and power spectrum of primordial gravitational waves in the interactive
Bose-Einstein gas model for dark energy, relevant, as it addresses the coincidence problem. The
model is applied in the radiation, matter and dark-energy domination stages. The model intro-
duces a scale factor associated to the radiation-matter transition which influences the gravitational
spectrum. We focus on the impact of the free parameters on both the gravitational waves ampli-
tude and its power-spectrum slope. For sets of parameters fitting Hubble’s law, we show that the
model’s parameter for today’s dark-matter energy density has a noticeable impact on such waves,
while the others produce an indistinguishable effect. The feasibility of detecting such waves under
present and future measurements is discussed.
∗Electronic address: gizquierdos@uaemex.mx
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I. INTRODUCTION
Gravitational waves (GW) are second-order tensorial propagating wave-like solutions to
General Relativity’s field equations that were predicted by Einstein back in 1916 [1]. GW
are generated by different kinds of sources (pulsars, merging Black Holes, the Big Bang)
and their evolution equations can be obtained by considering them as a perturbation of
a corresponding background metric. Indirect observation of the GW through the period
variation of the binary pulsar PSR1913+16 was obtained in 1975 [2]. More recently, LIGO
and VIRGO succeeded in observing GW directly [3].
Cosmology can take advantage of the GW physics in different ways. Astrophysical events
that emit GW as well as electromagnetic radiation can be used to estimate the Universe
expansion rate (Hubble constant) [4, 5]. This estimation is particularly useful to solve the
problem of the Hubble-constant tension between its measurements made by the PLANCK
Project [6] and by the Hubble Space Telescope (HST) [7]. Primordial Gravitational Waves
(PGW) are perturbations of the Friedman-Lemaitre-Robertson-Walker metric whose ampli-
tude evolves during the universe expansion in a characteristic way [8, 9]. PGW have a small
energy density on the ground-based detector frequencies which make very difficult the direct
detection. In fact, the PGW power spectrum can be bounded by the Laser Interferometer
Gravitational-Wave Observatory (LIGO) experiment [10]. Future space-based detectors like
eLISA, the Laser Interferometer Space Antenna, [11] could change this scenario and open
the window to direct detection. Also, B-mode polarization on the Cosmic Microwave Back-
ground radiation is generated by low-frequency PGW present at the last-scattering surface
[12]. It would be possible to reconstruct or at least to put bounds on the PGW spectrum
through this kind of observed data [13].
The Universe is experimenting a late-stage accelerated expansion [6] induced by an un-
known energy-density source called Dark Energy (DE). Although the cosmological constant
model is the most favoured by observational data [6], it is plausible to consider other DE
models [14]. In particular, coupled DE models describe a dark-sector interaction (i.e. DE
interacts with cold dark matter through a coupling term) [15], addressing the coincidence
problem.
While the early-expansion model (inflation and phase transitions) is fundamental to the
PGW amplitude evolution, the late stage has also an important impact on the low-frequency
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wave amplitude and power spectrum [16]. In [18], the authors find an exact solution for PGW
in a universe with a cosmological constant. In [17], some coupled DE models are considered
as well, describing the amplitude and power spectrum of the PGW in terms of the model’s
free parameters.
The Interacting Bose-Einstein Gas (IBEG) model assumes the DE is a gas of non-
relativistic Bose-Einstein self-interacting particles; for the late-expansion description it cou-
ples to cold dark matter (CDM) in a way that the IBEG particle number changes with the
expansion [19]. The IBEG model has a detailed microscopic description and the model’s
free parameters can be bounded by observational data [20]. In this work, we study the
evolution and power spectrum of PGW in the IBEG model. We focus on the impact of
the free-parameter choices on both the PGW amplitude and its power-spectrum slope. We
demonstrate how the choice of the parameter Ωm0, related to CDM mass density energy,
has a noticeable impact on the PGW, while the rest of the parameters lead to a similar
amplitude and power spectrum. Obtaining observational data of the low-frequency PGW
power spectrum could help bound parameter Ωm0 of the IBEG model.
The plan of the article is as follows: In section II, we briefly review the PGW amplitude
evolution equations. In section III, we address the IBEG universe dynamics and compute
PGW amplitudes for different free-parameter choices. In section IV, we estimate the power
spectrum of the PGW. Finally, in section V, we summarize the findings.
We assume units for which c = ~ = kB = 1. As usual, a zero subindex refers to the
current value of the corresponding quantity; likewise, we normalize the scale factor of the
metric by setting a0 = 1.
II. PGW EVOLUTION FROM THE BIG BANG UNTIL THE RADIATION ERA
We define hαβ as perturbations of the background Lemaitre-Friedman-Robertson-Walker
(LFRW) metric. The total metric reads gαβ = gαβ + hαβ, |hαβ|  |gαβ|, α, β = 0, 1, 2, 3.
The background gαβ is the flat homogeneous and isotropic LFRW metric
ds2 = −dt2 + a(t)2 [dr2 + r2dΩ2] = a(η)2[−dη2 + dr2 + r2dΩ2],
where t and η are, respectively, the cosmic and conformal time (a(η)dη = dt), with comoving
coordinates, r, the radius, and Ω, the solid angle.
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To obtain the sourceless perturbation evolution to linear order (PGW), we choose the
transverse-traceless tensor gauge. The resulting equations can be expressed as [8, 9]
hij(η,x) =
∫
h
(k)
ij (η,x)d
3k,
h
(k)
ij (η,x) =
µ(η)
a(η)
Gij(k,x), (1)
where space indices use latin letters and run from 1 to 3, x is the comoving Cartesian
coordinate, and k is the comoving wave vector. The functions Gij(k,x) satisfy the equations
Gji
;m
;m = −k2Gji , Gji ;j = Gii = 0, (2)
implying for µ(η)
µ′′(η) +
[
k2 − a
′′(η)
a(η)
]
µ(η) = 0, (3)
where the prime indicates derivative with respect to the conformal time, and k = |k| is the
constant wave number, related to the physical wavelength and frequency by k = 2pia/λ =
2piaf = a ω. The functions Gji are combinations of exp(±ik · x), which contain the two
possible wave polarizations, compatible with the conditions (2).
Eq. (3) is formally identical to a time-independent Schro¨dinger equation with potential
term a′′/a. When k2  a′′
a
, i.e., for waves whose wavelength is smaller than the horizon,
expression (3) becomes a free-wave equation. The h
(k)
ij (η,x) amplitude tends to null adia-
batically as a−1 in an expanding universe. In the opposite regime, when k2  a′′
a
, i.e., when
the PGW wavelength is larger than the horizon, the solution to (3) is a lineal combination
of µ1 ∝ a(η) and µ2 ∝ a(η)
∫
dη a−2. In an expanding universe, µ1 grows faster than µ2
and will soon dominate. The h
(k)
ij (η,x) amplitude is constant while the condition k
2  a′′
a
is fulfilled. When the PGW reenter the horizon, the wave will have an amplitude greater
than it would in the adiabatic behavior. This phenomenon is known as “superadiabatic
amplification” of PGW [9, 21].
For sources with constant equation of state, the resulting scale factor is a power-law
expansion a ∝ ηl (l = −1, 1, 2 for de Sitter, radiation dominated and dust-dominated
universes, respectively). Equation (3) is a Bessel equation with solution
µ(η) = (kη)
1
2
[
K1Jl− 1
2
(kη) +K2J−(l− 12)
(kη)
]
,
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where Jl− 1
2
(kη), J−(l− 12)
(kη) are Bessel functions of the first kind and K1,2 are integration
constants.
We assume now that the early universe experiments an inflationary de Sitter stage of
evolution, followed by a radiation-dominated stage, and a dust stage [21]. Transitions be-
tween successive eras are assumed instantaneous. This approach is known as the sudden
transition approximation, which is reasonable when the transition time span between the
different stages is much lower than the period of the PGW considered. The scale factor,
then, is
a(η) =

− 1
H1η
−∞ < η < η1 < 0,
1
H1η21
(η − 2η1) η1 < η < η2,
1
4H1η21
(η+η2−4η1)2
η2−2η1 η2 < η,
(4)
where the subindexes 1, 2 correspond to the sudden transitions from the inflation to the
radiation era and from the radiation to the dust era, respectively, and H1 represents the
Hubble factor at the end of the inflationary era. The solution to eq. (3) for each era is
µI(η) = CI
[
cos(kη + φI)− 1
kη
sin(kη + φI)
]
(inflationary era) (5)
µR(η) = CR sin(kηR + φr) (radiation era) (6)
µD(η) = CD
[
cos(kηD + φD)− 1
kηD
sin(kηD + φD)
]
(dust era), (7)
where CI,R,D, φI,R,D are integration constants, ηR = η − 2η1 and ηD = η + η2 − 4η1 .
It is possible to express CR, φR and CD, φD in terms of CI , φI as µ(η) must be continuous
at the transition times η = η1 and η = η2. Averaging the solution over the initial phase φI ,
the amplification factor is
CD
CI
∼

1 k  −1/η1,
k−2 − 1/η1  k  1/(ηD2),
k−3 1/(ηD2) k.
(8)
The PGW evolution from the dust era up to the present day depends on the late-
acceleration stage considered. As the universe experiments such a stage, the potential term
a′′/a becomes an increasing function of η. Consequently, some waves that were already in the
k2  a′′/a regime reenter the k2  a′′/a regime, and cease contibuting to the PGW physical
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power spectrum. In [16], the amplification is computed for different constant equations of
state in dark-energy models. In [17], two coupled dark-energy scenarios are considered. In
[18], an exact solution to the late acceleration ruled by the cosmological constant is found.
In all cases, it is important that the late-stage acceleration universe leaves a characteristic
amplification on low-frequency waves.
In the next section, we consider a different scenario in which a coupled IBEG stage follows
the radiation era.
III. PGW EVOLUTION FROM THE RADIATION ERA UP TO PRESENT TIME
A. IBEG model and expansion factor
The IBEG model for the late-acceleration stage assumes the universe has three energy-
density sources: baryonic matter ρb, cold dark matter (CDM) ρdm and the IBEG ρg [19, 20].
The latter is a warm gas of Bose-Einstein particles that self-interact attractively. An energy
flux is imposed between the IBEG and the CDM, which induces the non-condensate IBEG
particle number density to evolve as n = n0a
3(x−1), where n0 is the IBEG number density
today, and x is the parameter that models the Markoff variation process of the IBEG particles
(0.85 ≤ x ≤ 1). The gas energy density and pressure evolve with the expansion as [19]
ρg = ρG0a
3(x−1) + ρc0a5(x−1) + ρi0a6(x−1), (9)
pg =
2
3
ρc0a
5(x−1) + ρi0a6(x−1), (10)
where ρG0 is the model’s free parameter connected the IBEG particles’ mass, ρc0 relates to
the IBEG kinetic energy, and ρi0 is the self-interaction term (ρi0 < 0).
The energy density evolution equations read
ρ˙b + 3Hρb = 0 ,
ρ˙dm + 3Hρdm = −Q ,
ρ˙g + 3H(ρg + pg) = Q, (11)
where H = a˙/a is the Hubble expansion factor and Q is the coupling term. From eq. (10)
and the above equations, one obtains the coupling term
Q = 3Hx
(
ρG0 a
3x−3 +
5
3
ρc0a
5x−5 + 2ρi0a6x−6
)
. (12)
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The CDM energy density is solved as
ρdm = ρm0a
−3 − ρG0a3(x−1) + 5xρc0
2− 5xa
5(x−1) +
2xρi0
1− 2xa
6(x−1), (13)
where ρm0 is an integration constant representing the CDM energy density due to its mass
today.
Given that the baryonic matter evolves as ρb = ρb0a
−3 (ρb0 is the baryonic-matter energy
density today), the Hubble factor satisfies [20]
H2 =
8piG
3
(ρb + ρdm + ρg) = H
2
0
[
(Ωb0 + Ωm0)a
−3 +
2Ωc0
2− 5xa
5(x−1) +
Ωi0
1− 2xa
6(x−1)
]
, (14)
where Ωa0 = 8piGρa0/(3H
2
0 ) with a = b,m, c, i, and H0 is the present-day Hubble expansion
rate. The IBEG-model free parameters are H0,Ωm0,Ωi0,Ωb0, x and ΩG0, the latter not
appearing in the Hubble factor. Ωc0 is related to these parameters, as we assume a flat
LFRW metric
Ωc0 =
2− 5x
2
(
1− Ωb0 − Ωm0 − Ωi0
1− 2x
)
. (15)
Given the IBEG microscopic description, it is possible to compute when the coupling between
IBEG and CDM starts: the scale factor ain for which ρg(ain) = 0, for a given free-parameter
set.
In Ref. [20], the expansion rate in eq. (14) is used to adjust the free parameters to
three independent sets of Hubble-factor observational data. The best-fit values for the free
parameters obtained with the corresponding 1σ likelihood are H0 = 70 ± 2km/(Mpsc s),
Ωm0 = 0.52 ± 0.08, Ωi0 = −3.60 ± 12.38, Ωb0H20 = 0.022 ± 0.001 and x = 097 ± 0.01. The
results are shown in figure 1, together with two additional theoretical bounds. The first one
emerges from the CDM particle mass and IBEG component, which is positive definite
Ωdm0 + ΩG0 =
5x
2
− 5x
2
Ωb0 +
2− 5x
2
Ωm0 − x
2(1− 2x)Ωi0 ≥ 0. (16)
This bound is represented by the lines on the figure’s lhs for different x.
The second bound is Ωc0 > 0, represented by the lines on the plot’s rhs. Although
parameter ΩG0 cannot be bounded by observational data on Hubble factor, some theoretical
limits can be obtained by assuming that ain is much lower than unity in order to avoid a
coincidence problem inherent to the IBEG model [20].
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FIG. 1: The 1σ and 2σ likelihoods for the free parameters in the Ωm0 vsΩi0 space for Ωb0H
2
0 =
0.022, H0 = 70km/(Mpsc s) shown as obtained in [20]. Lines on the left side of the plot represent
the bound Ωdm0 + ΩG0 = 0 given by (16) for three different choices of x: x = 0.85 (green line),
x = 0.97 (red line), and, x = 1 (black line). Lines on the right side represent the bound Ωc0 = 0.
The space closed by the lines represents the parameter choices with Ωdm0 + ΩG0 > 0 and Ωc0 > 0.
B. PGW late evolution and numerical results
The PGW amplitude, µ(η), evolves with conformal time according to eq. (3). The FLRW
universe dynamics affects the amplitude evolution through the potential term a′′/a, which
relates to the Hubble-factor variable as adη = dt = da/(Ha). The potential a′′/a can be
expressed in terms of a as
a′′(a)
a
= 2a2H2(a) + a3H(a)
dH(a)
da
, (17)
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while eq. (3) is transformed to
a4H2(a)
d2µ(a)
da2
+
[
2a3H2(a) + a4H(a)
dH(a)
da
]
dµ(a)
da
+
[
k2 − 2a2H2(a) + a3H(a)dH(a)
da
]
µ(a) = 0. (18)
We note that while integrating eq. (3) in terms of the conformal time η, a′′/a is the
only term present, as an additional term proportional to dµ/da appears when integrating
in terms of a. For the late-evolution IBEG model, and Hubble factor H(a) given in eq.
14, we can compute dH(a)/da, and eventually solve equation (3) by numerical methods for
different free-parameter sets.
We consider the free-parameter set of Ωm0, Ωi0, ΩG0, and x, while we fix Ωb0H
2
0 =
0.022 (km s−1 Mpc−1)2 in order to compute the instant for which the creation process starts
a = ain. It is possible to divide eq. (18) by H
2
0 and to set H0 = 1 at this point, defining the
scale of frequencies of the PGW through wave number k. If ain ≤ 0.0001, we use the Hubble
factor as eq. (14) for a ∈ [0.0001, 1] in order to solve numerically eq. (18) for different k
choices. We use initial conditions at instant a = 0.0001 as µ(a = 0.0001) = µR(a = 0.0001)
and dµ
da
(a = 0.0001) = dµR
da
(a = 0.0001).
On the other hand, if ain > 0.0001, we first solve eq. (18) with the Hubble expansion rate
dominated by non-relativistic matter (a mixture of baryonic matter and CDM) as H(a) =
Hin(ain/a)
3/2 (where Hin is the Hubble factor in eq. (14) evaluated at scale factor ain) for
a ∈ [0.0001, ain] to obtain a first solution µ1 (with initial conditions µ1(a = 0.0001) and
dµ1
da
(a = 0.0001)). Then, we solve eq. (18) with the Hubble factor in eq. (14) for a ∈ [ain, 1]
to obtain a second solution µ2(a) with initial conditions at a = ain, with matching of the
first solution µ1 at a = ain (µ2(a = ain) = µ1(a = ain) and
dµ2
da
(a = ain) =
dµ1
da
(a = ain)).
We first compute the potential term in eq. (17) for different free-parameter choices in
order to determine which one has the biggest impact on the amplitude. We note that
ΩG0 affects ain, but is absent in the Hubble factor and, consequently, in eq. (18). The
parameter Ωm0 is chosen in the 2-σ region shown in figure 1, while Ωi0 is chosen to lie on the
Ωdm0 + ΩG0 > 0 region. Figure 2 shows the potential vs. scale factor for different parameter
choices. The one parameter with a noticeable impact on the potential is Ωm0, while the rest
of the free parameters leave the potential unchanged up to eye view.
The PGW amplitude depends on Ωm0 as expected (figure 3). The larger parameter
Ωm0 the larger the resulting PGW amplitude. Also, for different wave numbers k, the
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FIG. 2: Potential a′′/a vs. scale factor a, with each plot variating x, ΩG0, Ωi0 and Ωm0, and fixing
the other parameters. The one parameter with a noticeable impact on the potential is Ωm0, as the
rest of the free parameters leave the potential unchanged up to eye view.
amplification of the same free parameters varies as well. In the next section, we compute
the PGW power spectrum, related to the amplitude, as a function of Ωm0.
IV. POWER SPECTRUM
In this section, we consider the best-fit value for the Hubble factor H0 = 70km/(Mpc s) '
2.27 × 10−18s−1 obtained in [20], as we use units for the frequency and wave number. The
wave number k is not a physical quantity (it is defined a comoving quantity), while the
corresponding physical frequency is defined as ω(a) = k/a. Given that a0 = 1, we consider
the frequency of the PGW observed today corresponds to the wavenumber k = ω. The
PGW amplitude depends on their wave number and the amplification regime experimented
10
FIG. 3: Evolution of PGW amplitude for the IBEG model from the beginning of dust a = 0.0001
until today a = 1 era with x = 0.97, ΩG0 = 0.5, and Ωi0 = −1.10 for different wave number
choices: k = 40, k = 20, and k = 2. Black line represents the evolution with Ωm0 = 0.41, green
line represents Ωm0 = 0.52, and red line represents Ωm0 = 0.70
through the expansion of the universe.
We assume a typical slow-roll de Sitter inflation with H1 = 10
35s−1. As stated in section
II, waves with k  a1H1 ∼ 1011s−1 did not experiment any adiabatic amplification and have
an amplitude several orders of magnitude smaller at present than at the instant they were
generated. Consequently, we can assume that those waves do not contribute to the PGW
power spectrum. It is straightforward that
a1 = 0.0001 (H(a2)/H1)
1/2 ,
withH(a2) being the Hubble factor at the beginning of the dust/IBEG era, which depends on
the IBEG-model free parameters as well. In all cases, the bound is of order a1H1 ∼ 1011s−1.
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PGW with wave number a1H1 > k
2  a′′
a
(a = a2) evolve as free waves, after a first
amplification regime during inflation, and are not affected by the late-universe dynamics.
For a = a2 = 0.0001, we define this bound as K
2
2 =
a′′
a
(a2), which also depends on free
parameters through H(a2) and
dH(a2)
da
. The PGW amplitude in this regime is proportional
to
CD
CI
∼
 1 (k  −1/η1 = a1H1),k−2 (a1H1  k  K2),
and they are considered in the power spectrum.
PGW with k  K2, experimented an amplification during inflation and a second one
in the dust/IBEG eras. On the other hand, the perturbations whose wave number is k 
(a′′/a)(a = 1) = K20 have wavelengths larger than the Hubble radius of the universe, i.e.
on the whole history of the universe, they have not completed a single period of oscillation.
Those perturbations cannot be considered as physical waves. This puts a lower bound on
the wave number for the PGW spectrum, K0, that also depends on the free parameters.
The waves with K2  k  K1 have the same power spectrum as in [17]
P (k) =
~
4pi2c3
a41H
4
1k
−1. (19)
The power spectrum of the waves with K0  k  K2 is obtained by numerically com-
puting µ(a) for each k as in the previous section. We consider, then,
P (k) =
~
4pi2c3
k3|µrms|2 (20)
where |µrms| is the root mean square of the PGW as
|µrms|2 = 2
(1− ap)
∫ 1
ap
µ(a)2da (21)
where ap corresponds to the scale factor for which the corresponding kη(ap) = 2pi, i.e., the
scale factor at the start of the last oscillation of the PGW.
Figure 4 shows log10(P (ω)) vs log10(ω) for the IBEG-model PGW, for x = 0.97, ΩG0 =
0.5, Ωi0 = −1.10, and Ωm0 choices. The power spectrum dependence on Ωm0 is expressed in
the slope of the line for k < K2 ≈ 10−16 and also on the bounds K1, K2, K0. The rest of
free parameters do not affect significatively the power-spectrum slope or K1, K2, K0.
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FIG. 4: IBEG-model power spectrum P with x = 0.97, ΩG0 = 0.5, and Ωi0 = −1.10. The black
line represents Ωm0 = 0.41, the green line Ωm0 = 0.52, and the red line Ωm0 = 0.70. P and the
frequency k are expressed in erg s/cm3 and s−1, respectively
Another relevant definition is the fraction of energy density per frequency [22]
Ωg(k, a) =
3
8piGH2
dρg
d(ln k)
=
4
3pia2H2
H1
M2pl
|T ′|2, (22)
where T ′ is a transfer function related to (µ/a)′ for waves with k < K2 during the IBEG
stage of expansion, and ρg is the energy density of the PGW obtained from tensor first order
perturbation theory as
ρg =
1
32piGa2
〈hij ′hij ′〉. (23)
The observational bounds suggest that Ωgh
2 < 10−15 for frequencies k ∼ 10−17 with h =
H0/(100km/(Mpc s)) [23]. Although these bounds are strongly related to inflation and
reheating parameters of the cosmological model, the late-accelerated expansion model should
be taken into account, as for low frequencies |(µ/a)′|2 depends on H. In our case, assuming
the above free-parameter choices with h = 0.7, we obtain Ωg(k = 1.43 · 10−17, a = 1) =
2.58 · 10−16 when Ωm0 = 0.41, Ωg(k = 1.43 · 10−17, a = 1) = 5.08 · 10−16 when Ωm0 = 0.52,
and Ωg(k = 1.43 · 10−17, a = 1) = 8.08 · 10−16 when Ωm0 = 0.70. For such Ωm0 choices, the
results for Ωg(k = 1.43·10−17, a = 1) are of the same order of magnitude and smaller than the
observational bounds, although the higher value for Ωm0, the higher Ωg(k = 1.43 ·10−17, a =
13
1). For Ωm0 = 0.75, which is out of the 2-σ region of figure 1 but close enough as not to be
discharged beforehand, we obtain Ωg(k = 1.43 · 10−17, a = 1) = 1.06 · 10−15, which is of the
order of the observational bound.
For these calculations, we have considered H1 = 10
35s−1. Considering a different value
for H1 would lead to different bounds on Ωm0, but we still, conclude that the PGW energy-
density fraction per frequency depends on parameter Ωm0.
V. CONCLUSIONS
PGWs are second-order tensorial wave-like solutions to the cosmological Einstein equa-
tions that are generated and amplified by the universe dynamics. Inflation and early phase
transitions are crucial to the amplification process, but the late accelerated expansion has
also an important contribution to the low-frequency wave evolution [16, 17].
In particular, the IBEG model is applied for a flat late-acceleration expansion with a
detailed microscopical description. The IBEG model has four free parameters: ΩG0, Ωm0,
related to the dark-energy, rest-mass energy density and the dark-matter term scaling as
a mass term, respectively; Ωi0, the self-interaction intensity; x, the energy exchange rate.
Other parameters of the model are the Hubble constant H0 and the baryonic matter param-
eter Ωb0. The free parameters can be bounded by observational data [20].
The PGW amplitude evolution in the IBEG model depends on the free parameters
through the Hubble factor H(a) in eq. 14 and its derivative dH/da. When considering
different values for the free parameters we conclude that only parameter Ωm0 has a notice-
able impact. The higher Ωm0, the larger the PGW amplitude for constant wave number.
The PGW power spectrum depends consequently on the parameter Ωm0. Additionally, the
fraction of energy density per frequency Ωg(k, a) has a non trivial dependency on parameter
Ωm0 at low frequencies. We also derived the model’s PGW power, which is consistent with
observational bounds from below, similarly to other models.
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